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Formulae Sheet (part 1)

+ oo + 00
Discrete. y[n] = h[n] * x[n] = 2 hlk]x[n — k] = Z x[k] h[n — k]
convolution o ot
+o00 1 s
Fourier Transform X(e/®) = Z x[n]e~/on x[n] = > fX(ef‘*’)ef“’" dw
n=-—oo —TT
+ oo 1
Z-Transform X(z) = Z x[n]z™", Roc = R, x[n] = Hf X(z) Z" dz
n=-—oo C
x[n]z a"u[n] o X(2)= —, |z >al
l-az
y 1
x[n]z—a u[—n—l] « X(2)= > |z < a]
l—az

x[n-n,] & z™X(z), Roc=R,
zjxln] < X(z/z,). Roc=[z|R,
¥'[n] & X*(z) Roc=R,
f-n] & Xx(z') Roc=1/R,

xl[”]*xz[”] And Xl(Z)Xz(Z)a Roc=Ry MRy,

random processes

m, = E{x} mean square value: E{|x|2}
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Gaussian 1 ( )2
distribution _ \a—my
fila)= exp| ———
) Jox 20,
Oy T 5%

E{(x_mX)K}_{1><3><5><...><(K—1)o-§ , K even

0 , K odd
1o)== -5 xom, Y € x-m,)
W) e L 2
x=[xl,x2,...,xN]T mX=[m1,m2,... mN]T
Cl j = E{('xi _mi )(xj _mi )}
sample mean, . 1 &
sample variance m, = N;xn
1 & . | — .
GX:_Z(’xn_mX) GX:—_IZ(’xn_mX)
n=1 n=1
sum of M M
statistically y= ZCKXK
independent K=l
random variables
M ) M )
my = ZcKmXK ) Oy = Z‘CK‘ O xx
K=l K=l
1 1 1
fY(a):_f)(l(g]*_fxz(£]*~°-* fXM[a]
‘Cl ‘ € ‘Cz‘ € ‘CM ‘ Cum
di "
r;Sn(ijrc?rtne;;cr:]ceesses my [”] =E {x [n ]} ) 0-22( [n] =E {(x[n] —my [n])2 }

I”XY[k,K]:E{x[k]y*[ﬁ]} , orthogonal if I”XY[k,Z]zo

¢l 0] = E{xlic] = m KD ()= m, [0 |
Cyy [k, K] =TIy [k, E] —m, [k]m; [ﬁ] , uncorrelated if
¢ lk.t]=0
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s drete e mll-me . oibl=o}
rXY[k,K]:rXY[k—Z] ) rXY[g]:r;X[_E]
autocorrelation R = E{XXH} C. =R.-m.m"
X ’ X X X X

and covariance
matrices

RX is Hermitian, Toeplitz and nonnegative definite

eigenvalues and
eigenvectors of Rx

R,q=Aq , det(R,-AI)=0
a;R.q, =4,q/q;20 , 4 =2, = q/q,=0
if eigenvectors form an orthonormal basis, Q is unitary and

A=Q"R,Q , R, =QAQ" =) A44q,q/
k

linear
transformation of
random vectors

y=Ax ,m,=Am, , R, =AR, A" / C, =AC A"

)

R,, =R, A" | R, =AR, , C,, =C, A"

) )

eigenanalysis, KLT

w=Ax , A,=Q"R,Q, , C, =AC,A"

ergodicity ' 1 &
Bl = tim - 3] =
1Y .
E{<rX [€]>N}: }llg)loﬁZx[n]x [n — E] =Ty [E]
n=1
white noise

lt]=ovsl]

power spectrum

T
Py(e/*)e/tdw

-1

1
ry[£] =5

Py (z) = irx[f]zf ,

(=—o0
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filtering random

processes [ ] h[n *x[n Zh[k x[n k]
=HDm, VYX[E]: h[f]* FX[K]
rle]=rle]s )= e]=r[e]* 4]
=h"R,h=>> B [mlr, [m -k n[k]
P(2) = Py () H(2)H" (1/2)
spectral

factorization

it x[n]=v[n]*h[n]and B, (z) =0},

P.(z)= G;Q(Z)Q*(I/Z*) , O(2) is minimum phase

ARMA processes
and Yule-Walker
equations

y blklz™*
Z [K] )

H(z)= Op
1+ a[k]z_k A(Z)

P.(2)= o’ B(Z)B:(I/Z:)
A(z)A (1/z)

"x[f]+zp:a[k]rx[z_k]:{Uic[f] 0<i<gq

0 A

k=1

>q

cl#] = $9_,b[k]h*[k — €] = X325 bk + £1h*[K]

b|0 b|0
e o= — 202U
equations 1+ Z a[k]sz

k=1
b[o]’
P.(2)= jplo]
A( VA" (1/27)
r [0+ S alklle - k)= o2 sle] . ¢=0
k=1
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MA processes and
Yule-Walker

H(z)= Zq:b[k]z"‘ = B(z)

(periodogram,
modified
periodogram)

equations
P.(z)=0,B(z)B"(1/z")
r[£] = avzz b(klb*[k — €] = o2b[£] * b*[£], 0<£<q
k=2
Spectrum Xy [n] = wln]x[n], wn]=0,n<0vn>N-1
estimation

Felk]= ﬁxW[k]*xW[ k] «—— ﬁPER(ejw)

R A A Ry AN

27N
PPER(ejw): Nz_ffw[k]e_jkw - PPER(ejwk), , —kz—ﬂ
k=1-N N
x[n] = x, [n] = wlnlx[n]—— X, [k]
X, [k] - — \X I = Bopele’™ ) k=018 =1

M
arithmetic Zk M(M +1)
progression o
M M+1
geometric Zak -
progression

k=0

Sum of squares

i’* _ MM +16)(2M +1)
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